We first introduce the concept of b-metric-like space which generalizes the notions of partial metric space, metric-like space and b-metric space. Then we establish the existence and uniqueness of fixed points in a b-metric-like space as well as in a partially ordered b-metric-like space. As an application, we derive some new fixed point and coupled fixed point results in partial metric spaces, metric-like spaces and b-metric spaces. Moreover, some examples and an application to integral equations are provided to illustrate the usability of the obtained results. MSC: Primary 47H10; 54H25; 55M20
Introduction
There exist many generalizations of the concept of metric spaces in the literature. In particular, Matthews [] introduced the notion of partial metric space and proved that the Banach contraction mapping theorem can be generalized to the partial metric context for applications in program verification. After that, fixed point results in partial metric spaces have been studied by many authors [, ] . The concept of b-metric space was introduced and studied by Bakhtin [] and Czerwik [] . Since then several papers have dealt with fixed point theory for single-valued and multi-valued operators in b-metric spaces (see [-] and references therein). Recently, Amini-Harandi [, ] introduced the notion of metriclike space, which is an interesting generalization of partial metric space and dislocated metric space [-] . In this paper, we first introduce a new generalization of metric-like space and partial metric space which is called a b-metric-like space. Then, we give some fixed point results in such spaces. Our fixed point theorems, even in the case of metric-like spaces and partial metric spaces, generalize and improve some well-known results in the literature. Moreover, some examples and an application to integral equations are provided to illustrate the usability of the obtained results. This implies that
Let (X, D) be a b-metric-like space. Let x ∈ X and r > , then the set
B(x, r) = y ∈ X : D(x, y) -D(x, x) < r
is called an open ball with center at x and radius r > . Now we have the following definitions.
Definition . Let (X, D) be a b-metric-like space, and let {x n } be a sequence of points of X. A point x ∈ X is said to be the limit of the sequence {x n } if lim n→+∞ D(x, x n ) = D(x, x), and we say that the sequence {x n } is convergent to x and denote it by x n − → x as n → ∞. 
Definition . Let (X,
Proposition . Let (X, D, K) be a b-metric-like space, and let {x n } be a sequence in X such that
Proof Let us prove (A).
Assume that there exists a y ∈ X such that lim n→∞ D(x n , y) = , then
Hence, from (D) we have y = x.
and so
Definition . Let (X, D) be a b-metric-like space, and let U be a subset of X. We say U is an open subset of X if for all x ∈ U there exists r >  such that Proof At first, we suppose that V is closed. Let x / ∈ V . By the above definition, X\V is an open set. Then there is an r >  such that B(x, r) ⊆ X\V . On the other hand, since x n → x as n → ∞, then
Hence, there exists n  ∈ N such that for all n ≥ n  we have
That is, for all n ≥ n  , {x n } ⊆ B(x, r) ⊆ X\V , which is a contradiction. Since for all n ∈ N, {x n } ⊆ V . Conversely, suppose that for any sequence {x n } in V which converges to x, we have x ∈ V . Let y / ∈ V . Let us prove that there exists r  >  such that B(y, r  ) ∩ V = ∅.
Assume to the contrary that for all r > , we have B(y, r) ∩ V = ∅. Then, for all n ∈ N, chose x n ∈ B(y, /n) ∩ V = ∅. Therefore, |D(x n , y) -D(y, y)| < /n for all n ∈ N. Hence, x n → y as n → ∞. Our assumption on V implies y ∈ V , which is a contradiction. Then, for all y / ∈ V , there exists r  >  such that B(y, r  ) ∩ V = ∅. That is, V is closed.
Lemma . Let (X, D, K) be a b-metric-like space, and let {x
From Lemma ., we deduce the following result. 
for some λ,  < λ < /K , and each n ∈ N. Then lim m,n→∞ D(y m , y n ) = . 
Fixed point results for expansive mappings
for all x, y ∈ X, where R > K , L ≥ . Then T has a fixed point.
Proof Let x  ∈ X, since T is onto, then there exists x  ∈ X such that x  = Tx  . By continuing this process, we get x n = Tx n+ for all n ∈ N ∪ {}. In case x n  = x n  + for some n  ∈ N ∪ {}, then it is clear that x n  is a fixed point of T. Now assume that x n = x n+ for all n. From (.) with x = x n and y = x n+ we get
Then by Lemma . we have lim m,n→∞ D(x n , x m ) = . Now, since lim m,n→∞ D(x n , x m ) =  exists (and is finite), so {x n } is a Cauchy sequence. Since (X, D, K) is a complete b-metriclike space, the sequence {x n } in X converges to z ∈ X so that
Since T is onto, there exists w ∈ X such that z = Tw. From (.) we have
Taking limit as n → ∞ in the above inequality, we get
If in Theorem . we take L = , then we deduce the following corollary. for all x, y ∈ X, where R > K . Then T has a fixed point.
Also, clearly, T is an onto mapping. Now, we consider following cases: 
Theorem . Let (X, D, K) be a complete b-metric-like space. Assume that the mapping T : X → X is onto and satisfies
for all x, y ∈ X, where B ∈ K B . Then T has a fixed point.
Proof Let x  ∈ X, since T is onto, so there exists x  ∈ X such that x  = Tx  . By continuing this process, we get x n = Tx n+ for all n ∈ N ∪ {}. In case x n  = x n  + for some n  ∈ N ∪ {}, then it is clear that x n  is a fixed point of T. Now assume that x n = x n+ for all n. From (.) with x = x n and y = x n+ , we get
Then the sequence {D(x n , x n+ )} is a decreasing sequence in R + and so there exists s ≥  such that lim n→∞ D(x n , x n+ ) = s. Let us prove that s = . Suppose to the contrary that s > . By (.) we can deduce
By taking limit as n → ∞ in the above inequality, we have
Hence, 
By (.) we have
That is,
Then by (D) we get
Therefore,
By taking limit as m, n → ∞ in the above inequality, since lim sup m,n→∞ D(x n , x m ) >  and
which is a contradiction. Hence, lim sup m,n→∞ D(x n , x m ) = . Now, since lim m,n→∞ D(x n , x m ) =  exists (and is finite), so {x n } is a Cauchy sequence. Since (X, D, K) is a complete b-metric-like space, the sequence {x n } in X converges to z ∈ X so that
As T is onto, so there exists w ∈ X such that z = Tw. Let us prove that w = z. Suppose to the contrary that z = w. Then by (.) we have
By taking limit as n → ∞ in the above inequality and applying Proposition .(B), we have
and hence
Clearly, (X, D, ) is a complete b-metric-like space. Let T : X → X be defined by
Also define B : (, ∞) → (, ∞) by B(t) = ( + t).
At first we show that T is an onto mapping. For a given a ∈ X, we choose
So, T is an onto mapping. Without loss of generality, we assume that x ≤ y. Now, since
equivalently,
The conditions of Theorem . hold and T has a fixed point (here, x =  is a fixed point of T). ) ≥ B p(x, y) p(x, y) for all x, y ∈ X, where B ∈ 
be a partially ordered complete b-metric-like space, and let T : X → X be a non-decreasing mapping such that
for all x, y ∈ X with x y, where
Also, suppose that the following assertions hold: http://www.journalofinequalitiesandapplications.com/content/2013/1/402
(ii) for an increasing sequence {x n } ⊂ X converging to x ∈ X, we have x n x for all n ∈ N; then T has a fixed point.
Proof Let x  Tx  . If x  = Tx  , then the result is proved. Hence we suppose that x  ≺ fx  . Define a sequence {x n } by x n = T n x  = Tx n- for all n ∈ N. Since T is non-decreasing and
and hence {x n } is a non-decreasing sequence. If x n = x n+ = Tx n for some n ∈ N, then the result is proved as x n is a fixed point of T. In what follows we will suppose that x n = x n+ for all n ∈ N. From (.) and (.) we have
where
On the other hand, from (D) we have
Now by (.) we get
which is a contradiction. Hence,
and so the sequence {D(x n , x n+ )} is a decreasing sequence in R + . Then there exists s ≥  such that lim n→∞ D(x n , x n+ ) = s. By (.) we can write
Taking limit as n → ∞ in the above inequality, we get 
That is, lim sup 
By (D) we have
Taking limitsup as n → ∞ in the above inequality, we have
Then by (.) we deduce
On the other hand,
This implies that 
From (ii) and (.), with x = x n and y = z, we obtain
On the other hand, ) . Again, by using Proposition .(B) and (.), we have
which is a contradiction. Hence, D(z, Tz) = . That is, z = Tz.
. Let x y ⇔ x ≤ y. At first we assume that x ≤ y. Let y ∈ [, ), then Ty ≤ 
Then the conditions of Theorem . hold and T has a fixed point.
Also we have the following corollaries.
Corollary . Let (X, p, ) be a partially ordered complete partial metric space, and let T : X → X be a non-decreasing mapping such that p(Tx, Ty) ≤ L M(x, y) M(x, y) + J N(x, y) N(x, y)
Also suppose that the following assertions hold:
(ii) for an increasing sequence {x n } ⊂ X converging to x ∈ X, we have x n x for all n ∈ N; then T has a fixed point. Also suppose that the following assertions hold:
(ii) for an increasing sequence {x n } ⊂ X converging to x ∈ X, we have x n x for all n ∈ N; then T has a fixed point. Assume that
Fixed point results for cyclic Edelstein-Suzuki contraction
for all x ∈ A i and y ∈ A i+ , where α, β, γ , δ ≥  and α + β + γ + δ < We have
clearly, the fixed point of the map T is x n  . Hence, we assume that x n = x n+ for all n ∈ N. Clearly,
From (D) we have
and
Hence, by (.), (.) and (.) we get
and then
. http://www.journalofinequalitiesandapplications.com/content/2013/1/402
Now since (K + )(α + β + γ + δ) < , then
It is easy to see that z ∈ 
which is a contradiction. Hence, for every n ∈ N, we have
and so by (.) we have
Assume that (.) holds. Then, by taking limit as n → ∞ in (.), we get
and hence by Proposition .(B) we have
On the other hand, α, β, γ , δ ≥  and
e., z = Tz. If (.) holds, then by a similar method, we can deduce that z = Tz.
If in the above theorem we take A i = X for all m, then we deduce the following corollary. 
Corollary . Let (X, D, K) be a complete b-metric-like space, and let T be a self-mapping on X. Assume that
 K D(x, Tx) ≤ D(x, y) ⇒ D(Tx, Ty) ≤ α(K + ) K D(x, y) + β D(x, Tx) + D(y, Ty) + γ D(x, Ty) + D(y, Tx) K + δ D(x, x) + D(y,
Assume that
for all x ∈ A i and y ∈ A i+ , where  ≤ R < 
for all x, y ∈ X, where  ≤ R < 
